Abstract. We examine the set of J b (F )-orbits in the set of irreducible components of affine Deligne-Lusztig varieties for a hyperspecial subgroup and minuscule coweight µ. Our description implies in particular that its number of elements is bounded by the dimension of a suitable weight space in the Weyl module associated with µ of the dual group.
Introduction
Let F be a finite extension of Q p or F p ((t)) and Γ its absolute Galois group. We denote by O F and k F ∼ = F q its ring of integers and its residue field, and by ǫ a fixed uniformiser. Let L denote the completion of the maximal unramified extension of F , and O L its ring of integers. Its residue field is an algebraic closure k of k F . We denote by σ the Frobenius of L over F and of k over k F .
Let G be a reductive group scheme over O F and denote K = G(O L ). Then G F is automatically unramified. We fix S ⊂ T ⊂ B ⊂ G, where S is a maximal split torus, T a maximal torus, and B a Borel subgroup of G. There exist k F -ind schemes called the loop group LG, the positive loop group L + G and the affine Grassmannian Gr G := LG/L + G of G whose k-valued points are canonically identified with G(L), K = G(O L ) and G(L)/G(O L ), respectively (compare [21] resp. [33] and [2] ).
Let µ ∈ X * (T ) dom and let b ∈ G(L). Then the affine Deligne-Lusztig variety associated with b and µ is the reduced subscheme X µ (b) of Gr G whose k-valued points are X µ (b)(k) = {g ∈ G(L)/K | g −1 bσ(g) ∈ Kµ(ǫ)K}.
′ is a non-negative integral linear combination of positive coroots. It is closed in the affine Grassmannian and called the closed affine Deligne-Lusztig variety. For minuscule µ (the case we are mainly interested in for this paper) it agrees with X µ (b).
Note that up to isomorphism, both affine Deligne-Lusztig varieties depend only on the G(L) This finiteness question has also been considered by several other people, compare for example Fargues [7, Thm. 2.4.13] , or recently Mieda [19] .
A complete description was previously only known for the groups GL n and GSp 2n and minuscule µ where the action is transitive ( [26] , [27] ), and for some other particular cases, see for example [30] for a particular family of unitary groups and minuscule µ.
To describe the (conjectured) precise number of orbits, denote byĜ the dual group of G in the sense of Deligne and Lusztig. That is,Ĝ is the reductive group scheme over O F that contains a Borel subgroupB with maximal torusT and maximal split torusŜ such that there exists an Galois equivariant isomorphism X * (T ) ∼ = X * (T ) identifying simple coroots ofT with simple roots of T . For any µ ∈ X * (T ) dom = X * (T ) dom we denote by V µ the associated Weyl module ofĜ OL . In the following we use an elementλ ∈ X * (T ) (which is only defined modulo Γ-coinvariants) and its restriction λ =λ |Ŝ ∈ X * (Ŝ) that we define in Section 2. The element λ can be seen as a 'best integral approximation' of the Newton point ν b of [b] .
Conjecture 1.4 (Chen, Zhu).
There exists a canonical bijection between J b (F )\Σ(X µ (b)) and the basis of V µ (λ) constructed by Mirkovic and Vilonen in [20] , where V µ (λ) denotes the λ-weight space (for the action ofŜ) of V µ .
In this paper, we describe the set J b (F )\Σ top (X µ (b)) for minuscule µ. Our main result, Theorem 5.12, implies in particular the following theorem. Moreover, this map is a bijection in the following cases.
(1) G is split. Since µ is minuscule, we have for anyμ ∈ X * (T ) dim V µ (μ) = 1 ifμ ∈ W.µ 0 otherwise where now V µ (μ) denotes theμ-weight space for the action ofT . Thus indeed we obtain a bijection between the Mirkovic-Vilonen basis of V µ (λ) and W.µ ∩ [λ + (1 − σ)X * (T )]. (b) An analogous formula has first been shown by Xiao and Zhu [32] for [b] such that the F -ranks of J b and G coincide. In this case one can simply choose λ = ν b , the Newton point of [b] . It was then observed by Chen and Zhu (in oral communication) that an expression similar to the above should give
, and all µ. (c) In particular, Theorem 1.5 and Theorem 5.12 apply to all cases that correspond to Newton strata in Shimura varieties of Hodge type.
In the case where b is superbasic, we prove the following stronger result, which was conjectured in [11] .
Cμ such that Cμ intersected with any connected component of Gr G is universally homeomorphic to an affine space. These affine spaces are of dimension d(μ) := ⌊ μ − µ adom ,ω F ⌋ where we take the sum over all relative fundamental coweightsω F ofĜ and where µ adom denotes the anti-dominant representative in the Weyl group orbit of µ.
Note that varying b within [b] only changes X µ (b) by an isomorphism. For suitably chosen b ∈ [b], the connected components of Cμ are precisely the intersections of X µ (b) with some Iwahori-orbit on Gr G (see [4, Section 3] ). Since the latter form a stratification on Gr G , we can apply the localisation long exact sequence to calculate the cohomology of X µ (b). For example for the constant sheaf one obtains the following result.
0 -representation with coefficients in Λ and of dimension #{μ ∈ W.µ | d(μ) = i}.
Acknowledgement. We thank Miaofen Chen and Xinwen Zhu for helpful conversations and in particular for sharing their conjecture describing the J b (F )-orbits of irreducible components in terms of V µ (λ).
Definition of λ
We associate with every σ-conjugacy class [b] a not necessarily dominant coinvariant λ G (b) ∈ X * (T ) Γ which lifts the Kottwitz point of b and at the same time is a 'best approximation' of the Newton point (in a sense to be made precise below). In the split case it is closely connected to the notion of σ-straight elements in the extended affine Weyl group of G.
2.1.
Invariants of σ-conjugacy classes. By work of Kottwitz [18] , a σ-conjugacy class [b] ∈ B(G) is uniquely determined by two invariants -the Newton point ν G (b) ∈ X * (S) Q,dom and the Kottwitz point κ G (b) ∈ π 1 (G) Γ . Here π 1 (G) denotes Borovoi's fundamental group, i.e. the quotient of X * (T ) by its coroot lattice. Let w : X * (T ) ։ π 1 (G) denote the canonical projection.
We define a partial order on X * (T ) such that µ ′ µ holds iff µ − µ ′ is a linear combination of positive roots with non-negative, integral coefficients. Since the set of positive roots is preserved by the Galois action, this descends to a partial order on
and that for every relative fundamental coweight ω
Proof. Denote byQ ⊂ X * (T ) the root lattice. Then the restriction X * (T ) ։ X * (Ŝ) canonically identifies the relative root lattice withQ Γ . Note that the preimage
for all relative fundamental coweights ω ∨ G,F ofĜ and moreover the left hand side always has integral value. Thus if a λ G (b) as in (2.2) exists, it is the unique maximum. One easily constructs such a λ G (b) by choosing some λ
where the sum runs over all positive simple rootsβ ∈Q Γ and ω ∨ β denotes the corresponding fundamental coweight. Lemma 2.3. Let f : H → G be a morphism of reductive groups over O F . Then we have λ G (f (b)) = f (λ H (b)) in the following cases.
(1) f is a central isogeny.
(2) f is the embedding of a standard Levi subgroup, such that ν H (b) is G-dominant. 
be a relative fundamental coweight of G, but not of H. Then ωĜ ,F factorises through the center of H, thus for every
is determined by the image of
we denote byλ ∈ X * (T ) an arbitrary but fixed lift of λ G (b) and by λ its image in X * (Ŝ).
2.2.
A group theoretic definition of λ G in the split case. We denote bỹ 
, where B(W G ) denotes the set ofW G -σ-conjugacy classes inW G . In general the notion of W G -conjugacy is finer than the notion of G(L)-conjugacy. Hence we consider only a certain subset of B(W G ).
for any non-negative integer n. Note that the right hand side might also be written as n · ℓ(x). A σ-conjugacy class O ∈ B(W G ) is called straight if it contains a σ-straight element.
He and Nie gave a characterisation of the set of straight σ-conjugacy classes which is analogous of Kottwitz' description of B(G) in [18, § 6] . Finally, by [15, Thm. 3.3] 
We obtain the following description of λ G in the split case.
be a σ-straight element. Denote by λ ′ its image under the canonical projectioñ (2) we may assume that G is of adjoint type; this leaves finitely many cases, which can easily be checked using the explicit description of root systems in [3] .
Equidimensionality
While it is conjectured that X µ (b) is equidimensional (cf. [22, Conj. 5.10] ), this has not yet been proven in all cases. We give a partial result after reviewing the necessary geometry of X µ (b) first.
3.1. Connected components of affine Deligne-Lusztig varieties. Let w G : G(L) → π 1 (G) be the Kottwitz homomorphism, as considered in [18] . In our case it can be described using the Cartan decomposition as mapping Kµ(ǫ)K for µ ∈ X * (T ) dom to the image of µ in π 1 (G). Obviously, this induces a map Gr G (k) → π 1 (G). After base change to Spec k, this induces isomorphisms Here we used that as G is unramified, the action of the inertia subgroup of the absolute Galois group of F on π 1 (G) is trivial.
For ω ∈ π 1 (G), we let LG ω and Gr ω G be the corresponding connected components. Denote for any subgroup H ⊂ LG and subscheme X ⊂ Gr
The following general result on perfect affine flag varieties is formulated in greater generality than needed in this paper. We will only apply it in the case where H = G is a reductive group scheme.
Proposition 3.1. Let f : H ′ → H be a morphism of parahoric group schemes over O F such that the induced homomorphism on their adjoint groups is an isomorphism. Then the induced morphism on connected components perfect affine flag varieties
Proof. This is proven in [21, § 6] if char F = p and p does not divide the order of π 1 (H ′ der ) or π 1 (H der ) (see also [17, Prop. 4.3] for the statement if char F = 0). We briefly recall the proof in [21] and explain how to generalise it.
Note that it suffices to show that f By homogeneity under the action of H ′ (L) (resp. H(L)) we may assume ω = 0. Denote by H der the derived group of H and byH the simply connected cover of H der . Since we have a commutative diagram
it suffices to prove the theorem in the following two special cases.
Gr is universally bijective using the argument in [21, p. 144].
Case 2: H is semisimple and H ′ =H. The following argument can be found in [21, p. 140f.] . Fix an algebraically closed field l ⊃ k and let M ⊃ L be the corresponding field extension of ramification index 1. We denote by Z the kernel ofH → H and let T andT denote the Néron models of fixed maximal tori in
SinceH F is simply connected,T F is an induced torus, i.e. there exist finite field extensions F i /F such that
thus there exists an n ∈ N such that
In particular, we have
Gr is injective on geometric points. The surjectivity is a direct consequence of [21, Appendix, Lemma 14] Let G ad be the adjoint group of G. We denote by a subscript "ad" the image of an element of
, the homeomorphism of Proposition 3.1 induces a universal homeomorphism
3.2. Equidimensionality for some affine Deligne-Lusztig varieties. Equidimensionality is known to hold in the following cases.
Theorem 3.4. Let G, b, µ be as above.
Let F be an unramified extension of Q p , and let G be classical, µ minuscule, and either p = 2 or all simple factors of
Proof. Assume first that char F = p. In the case where G is split the assertion is proven in [14, Cor. 6.8] by identifying the formal neighbourhood of a closed point in the affine Deligne-Lusztig variety with a certain closed subscheme in the deformation space of a local G-shtuka. We briefly explain how to generalise the arguments in the proof of [14, Cor. 6.8] to arbitrary reductive group schemes over O F .
The main ingredient is the following result in [29] , generalising [14, Thm. 6.6] .
. Consider the deformation functor 
,0 is closed, we may equip it with the structure of a reduced subscheme. By [29, Thm. 2.9, 2.11] there exists a surjective finite morphism
where ρ G denotes the half-sum of all absolute positive roots in G and X µ (b) ∼ x the algebraisation of the completion of X µ (b) in x. In particular, we get
Here the last inequality follows from the dimension formula of X µ (b) in [11, Thm. 1.1] and equality holds if and only if dim X µ (b) 
and since x was an arbitrary closed geometric point of X µ (b), this implies equidimensionality. Since dim
Now consider F = Q p , p = 2 and assume first that there exists a faithful representation ρ : G ֒→ GL n such that the action of G m via ρ(µ) has weights 0 and 1. Then we can associate a Rapoport-Zink space of Hodge-type M G,µ (b) to the triple (G, µ, b), whose perfection equals X µ (b) by [33, Thm. 3.10] 
ad is an isomorphism on connected components by (3.3) . Thus all connected components of X µ ad (b ad ) which are contained in the image of X µ (b) are equidimensional. Since all connected components are isomorphic to each other by [5, Thm. 1.2] , this implies that X µ ad (b ad ) is equidimensional. Thus any affine Deligne-Lusztig variety with G classical, adjoint and µ minuscule is equidimensional. Applying (3.3) once more, the claim follows for p = 2. If p = 2, the spaces M G,µ (b) are only defined if (G, µ, b) is of PEL-type, but in this case the rest of the proof is identical.
If F is an unramified field extension of Q p , let
Irreducible components in the superbasic case
In this section we prove Theorem 1.5 for superbasic σ-conjugacy classes. In [11, § 8] this has been reduced to a purely combinatorial statement, which we prove using the bijectivity of sweep maps on rational Dyck paths. 
We first consider the special case where [b] is superbasic and where G is of the form Res F d |F GL n for some d, n. In this case we give a proof using EL-charts as in [11] (see also [6] for the split case). We then reduce the general superbasic case to this particular case.
G be the split diagonal torus, the diagonal torus and the upper triangular Borel, respectively. We have a canonical identification X * (T ) ∼ = (Z n ) |I| . Then the dominant elements in X * (T ) are precisely the µ = (µ τ ) τ ∈I ∈ X * (T ) such that the components of µ τ are weakly decreasing for each τ .
We identify X * (S) with the invariants X * (T ) I = Z n , thus
Moreover, we extend the Bruhat order on X * (S) dom to X * (S) Q by writing ν ≤ ν ′ if ν ′ − ν is a non-negative rational linear combination of positive coroots. Note that the restriction of ≤ to X * (S) dom is nothing but the partial order . For our particular group, the abstract definition of ν ≤ ν ′ is equivalent to Mazur's inequality; in other words it is the dominance order on Q n .
4.2.
A combinatorial identity. An important tool when considering the combinatorics of EL-charts is the sweep map defined by Armstrong, Loehr and Warrington in [1] . We need a multiple component version of it, which turns out to be easily realised as a special case of the classical sweep map.
Notation 4.2. By a word w we mean a finite sequence of integers w 1 · · · w r . For 1 ≤ k ≤ r we define the level of w at k by l(w) k := k i=1 w i . We consider the following sets for fixed sequences of integers a τ,0 , . . . , a τ,n−1 where
Z denote the set of of words w = w 1 . . . w d·n such that the sub-word w (τ ) := w τ w τ +d · · · w τ +(n−1)·d is a rearrangement of a τ,1 , . . . , a τ,n for any τ . 
is the map that sorts w according to its level as follows. Initialise sw
For each a down from −1 to −∞ and then down from ∞ to 0 read w τ from right to left and append to sw
We deduce the bijectivity of sw (d) from Williams' result for the classical sweep map in [31] . Proof. We fix an integer N big enough such that for any w ∈ A (d)
Z and 1 ≤ τ < d as above the following inequalities hold.
For given w, let w +N be the word which one obtains by replacing the a τ,i by
Note that for any k we have l(w . For x ∈ Z we denote by x (τ ) the corresponding element of Z (τ ) and write |a (τ ) | := a. We equip Z (d) with a partial order "≤" defined by
and a Z-action given by
Furthermore we consider a Z-equivariant function f : Let A be an EL-chart and B = A \ (A + n). It is easy to see that #B (τ ) = n for all τ ∈ I. We define a sequence b 0 , . . . , b d·n as follows. Let b 0 = b n·d = min B (0) and for given b i let b i+1 ∈ B be the unique element of the form Here we choose the set of representatives {1, . . . , d} ⊂ Z of I. and µ by (−µ) dom , we can still use the combinatorial results of [11] . Moreover, we chose the Borel of upper triangular matrices instead of lower triangular matrices in loc. cit.; thus inverting the order on X * (S) and X * (T ).
The type characterises an EL-chart up to equivalence.
Lemma 4.10 ([11, Lemma 5.3]). Let
Then the type of any EL-chart A lies in P m,n,d and the type defines a bijection
Example 4.11. There are two important special cases of EL-charts. (a) An EL-chart is called small if A + n ⊂ f (A), in other words if its type only has entries 0 and 1. They correspond to the affine Deligne-Lusztig varieties with minuscule Hodge point. (b) A semi-module is an EL-chart A ⊂ Z, which are the invariants that occur in the split case. There is a bijection between small semi-modules up to equivalence and (rational) Dyck paths from (0, 0) to (n − m, m) (see [8] for more details). This gives a purely combinatorial motivation for the definitions below. With a given equivalence class [A] of small semi-modules, we associate the path which goes east at the i-th step if type(A) i = 0 and north if type(A) i = 1. By the above lemma this map is welldefined and a bijection. Moreover, if we choose min A = 0, then A is the set of (−m, n − m)-levels in the sense of [1] of points on or above the path.
There is another invariant of EL-charts which is more important for the application of this theory, as it allows us to calculate the dimension of strata inside the affine Deligne-Lusztig variety. 
We callμ the cotype of A.
It is shown in [11, p. 12831 ] that cotype(A) ∈ P m,n,d . Since the cotype is obviously invariant under equivalence, we obtain a map
We claim that ζ is bijective. For this we note that ζ is the concatenation of
Thus its bijectivity follows from Proposition 4.4. Altogether, we obtain the following theorem, which generalises the result of [31, Cor. 6.4] . It was conjectured in [11, Conj. 8.3] and in the split case by de Jong and Oort in [6, Rem. 6.16] . 
4.4.
The superbasic case. Proposition 1.7 is a direct consequence of Theorem 4.15 together with the relation between orbits of irreducible components and EL-charts in [11, § 8] . We briefly recall this relation for the reader's convenience before proving Prop. 1.7.
When applying the results of the previous subsection to affine Deligne-Lusztig varieties, we consider EL-charts satisfying certain additional criteria. Note that every EL-chart is equivalent to a unique normalised EL-chart. Let
Then by Lemma 4.10 A → type(A) induces a bijection {normalized EL-charts with Hodge point µ} ↔ P µ .
It is easy to see that ζ stabilises P µ . Thus Theorem 4.15 says that A → cotype(A) induces a bijection between the set of normalised EL-charts with Hodge point µ and P µ . For every minuscule µ ∈ X * (T ) dom there exists a unique basic σ-conjugacy class in B(G, µ). We choose a representative of this σ-conjugacy class as follows. Let m τ = val det µ(ǫ) and choose b = ((b τ,i,j ) 
The requirement that b is in fact superbasic corresponds to the assertion that m and n are coprime.
By our choice of b, the variety X µ (b) 0 is non-empty. In [11] , [12] we constructed a J b (F ) 0 -invariant cellular decomposition
where the union runs over all normalised EL-charts with Hodge-point µ. We denote
In [11, Prop. 6.5] , [12, Prop. 13 .9] we show that A VA ∼ → S A by constructing an element g A ∈ LG(A VA ), respectively a basis (v τ,i ) of the universal G-lattice over S A in the terminology of above articles, such that S A is its image in the affine Grassmannian. In particular dim S A = #V A .
Following the calculations of the term S 1 in [11, p. 12831], one obtains #V A from µ using the formula
where the sum runs over all relative fundamental coweightsω F ofĜ and µ adom denotes the anti-dominant element in the W -orbit of µ. In particular, S A is topdimensional if and only if cotype(A) |Ŝ = λ.
Proof of Proposition 1.7. Let G be arbitrary. We assume wlog that b ∈ Kµ(ǫ)K,
0 , which have to be J b (F ) 0 -stable and universally homeomorphic to affine spaces of the correct dimension. In particular, we may take
0 -stable, we consider the canonical pro-
It suffices to show that q is surjective (implying that the decomposition is J b ad (F ) 0 -stable) and that the J b (F ) 0 -action factors through J b ad (F ) 0 . To prove the surjectivity, let j ∈ J b ad (F ) 0 and choose a preimage g ∈ G(L) 0 of j. The element g satisfies g
where
0 maps to j, as claimed. Now an elementary calculation of the kernel shows that we have an exact sequence
where Z denotes the center of G. Since Z(O F ) acts trivially on Gr G , the J b (F ) 0 -action factors through J b ad (F ) 0 , as claimed. Proof. We have
Reduction to the superbasic case
In this section we consider the general case of Theorem 1.5, i.e. G is an unramified reductive group over F , µ is minuscule, and b is an arbitrary element of G(L). The goal is to use a reduction method, first introduced in [9] , to relate to the superbasic case.
Let P ⊂ G be a smallest standard parabolic subgroup of G, defined over F and with the following property. Let M be the Levi factor of P containing T . Then we want that
. Then we furthermore want that the Mdominant Newton point of b is already G-dominant. For existence of such P, M, b compare Remark 4.1. We write P = M · N where N denotes the unipotent radical of P . Since b ∈ M (L), this induces a decomposition
Throughout the section, we may refer to subschemes of the loop group or Grassmannian by their k-valued points to improve readability, e.g. write K instead of
We consider the variety
We identify an element of I µ,b with its M -dominant representative in X * (T ). Note that I µ,b is non-empty and finite, but may have more than one element if G is not split.
is in general not equidimensional, although the individual summands are conjectured to be. We define
Using Corollary 4.17 we can show that X M⊂G (b) has the same number of orbits of irreducible components as given by the right hand side of Theorem 1.5.
Proof. By Corollary 4.17 we have
Here the unions on both sides are disjoint, andλ M =λ M (b) denotes the element associated with [b] ∈ B(M ) whereasλ =λ G (b). By Lemma 2.3 this is equal
In order to relate the irreducible components of X M⊂G µ to those of X µ (b), we consider the variety . Thus we obtain a natural bijection
On the other hand, the restriction of the canonical projection Gr P ։ Gr M induces a surjective morphism
by [11, Prop. 2.9] . Moreover the fibre dimension for
, see [11, Lemma 2.8, Prop. 2.9 (2)], using that for minuscule µ, equality in Lemma 2.8 of loc. cit. always holds, and using the dimension formula [11, Thm. 1.1] . Note that this only depends on µ ′ (but indeed depends on the choice of µ ′ ∈ I µ,b ), but not on the point x.
Lemma 5.5. β induces a well-defined surjective map
It is J b (F ) ∩ P (L)-equivariant for the natural action on the left hand side, and the action through the natural projection
Recall that a subset of G(L) is called bounded if it is contained in a finite union of K-double cosets.
Proof. Let C be a top-dimensional irreducible component of X In the proof we need the following remark.
Remark 5.7. For x ∈ W let IxI be the locally closed subscheme of LG whose kvalued points are I(k)xI(k). Let S be a scheme and g ∈ (IxI)(S). Then we claim that there are elements i 1 , i 2 ∈ I(S) with g = i 1 xi 2 . In equal characteristic, this is [14, Lemma 2.4] (the proof in loc. cit. shows the above statement, although the Lemma only claims the assertionétale locally on S). Let us explain how to modify the proof to deduce the above statement in general: We consider the morphism I/(I ∩ xIx −1 ) → LG/I to the affine flag variety given by g → gx. By writing down the obvious inverse one sees that it is an immersion with image IxI/I.
Let g ∈ (IxI)(S) and g its image in the affine flag variety. Then the above shows that g is the image of someī ∈ I/(I ∩ xIx T by an irreducible component if necessary, we may assume that T is again irreducible. We denote by S the image of T in Z, and by y ∈ T a point mapping to z.
We denote
where the bracket is in N (L) and where b m ∈ M (L). The condition gK P ∈ β −1 (S) is then equivalent to the condition that we may choose m · n ∈ gK P with m ∈ ι(T ) ⊂ LM and n ∈ N (L) such that the last bracket is in
Thus we have a morphism
In order to get an easier description of E, we show that one can assume b m ∈ K M · µ ′ after further shrinking S and replacing ι if necessary. Let x ∈ W such that 
. We now replace m by mσ −1 (w 2 i 2 k ′ 0 ) −1 ∈ mK M and modify ι accordingly. With respect to this new choice we obtain a decomposition of b m of the form k 1 µ ′ (ǫ) with
Note that this only depends on the constant element µ ′ . Hence
which is irreducible by [20, Cor. 13.2] . On the other hand pr µ ′ is a K N -torsor, since it is surjective and factorises as
Here the first map is the projection, a K N -torsor. The second is the natural closed embedding, and the third the isomorphism obtained by left multiplication by µ ′ (ǫ). As K N is also irreducible, this completes the proof of Claim 1. Then it is enough to show that for all non-empty open subsets C 1 , C 2 of Φ with C i K N = C i there are points q i ∈ C i and a j ∈ J with φ(q 1 ) = jφ(q 2 ). This latter condition follows if we can show that γ(q 1 ) = γ(q 2 ). But by Claim 2, γ(C 1 ), γ(C 2 ) are both open and dense in E, which implies the existence of such q 1 , q 2 . We use the following notation. Let R be an integral k-algebra. In the arithmetic case we assume R to be perfect and let R = W OF (R). In the function field case, let R = R Proof. This is [5, Lemma 3.4.4] , except for the fact that in loc. cit., R is assumed to be smooth, and only the case of mixed characteristic is considered. But actually, none of these assumptions is needed in the proof given there. As Σ top (X µ (b)) ∼ = Σ top (X P ⊂G µ (b)), this description also implies the assertion about bijectivity.
Proof of Theorem 1.5. The first assertion is a direct consequence of the previous theorem.
If G is split, then W.µ ∩ [λ + (1 − σ)X * (T )] = {λ} has only one element, hence the map is also injective.
If the second condition holds, then J b (F ) ⊂ P (L), hence α Σ and also φ are bijective.
